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Abstrat
We show that two evanesently oupled χ(2) parametri downonverters inside a Fabry-Perot
avity provide a tunable soure of quadrature squeezed light, Einstein-Podolsky-Rosen orrelations
and quantum entanglement. Analysing the operation in the below threshold regime, we show how
these properties an be ontrolled by adjusting the oupling strengths and the avity detunings. As
this an be implemented with integrated optis, it provides a possible route to rugged and stable
EPR soures.
PACS numbers: 42.50.Dv,42.65.Lm,03.65.Ud
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I. INTRODUCTION
The Einstein, Podolsky and Rosen (EPR) paradox stems from a famous paper published
in 1935 [1℄, whih showed that loal realism is not onsistent with quantum mehanial
ompleteness. A diret and feasible demonstration of the EPR paradox with ontinuous
variables was rst suggested using nondegenerate parametri ampliation (also known as
the OPA) [2℄. The optial quadrature phase amplitudes used in these proposals have the
same mathematial properties as the position and momentum originally used by EPR. Even
though the orrelations between these are not perfet, they are still entangled suiently to
allow for an inferred violation of the unertainty priniple, whih is equivalent to the EPR
paradox [3, 4℄. An experimental demonstration of this proposal by Ou et al. soon followed,
showing a lear agreement with quantum theory [5℄.
In this work, rather than using the nondegenerate optial parametri osillator (OPO),
we onsider an alternative devie using two degenerate type I downonverters inside the
same optial avity, and oupled by evanesent overlaps of the intraavity modes within the
nonlinear medium. Generally, suh a devie may be onsidered as either a single nonlinear
rystal pumped by two spatially separated lasers, or two waveguides with a χ(2) omponent.
We alulate phase-dependent orrelations between the two low frequeny outputs of the
avity in the below threshold regime, showing that this system exhibits a wide range of
behaviour and is potentially an easily tunable soure of single-mode squeezing, entangled
states and states whih exhibit the EPR paradox. The spatial separation of the output modes
means that they do not have to be separated by optial devies before measurements an
be made, along with the unavoidable losses whih would result from this proedure. The
entangled beams produed an be degenerate in both frequeny and polarisation, unlike
those of the nondegenerate OPO, and would exit the avity at spatially separated loations.
These orrelations are tunable by ontrolling some of the operational degrees of freedom of
the system, inluding the evanesent ouplings between the two waveguides, the input power
and the avity detunings.
The term nonlinear oupler was given to a system of two oupled waveguides without
an optial avity by Perina et al. [6℄. Generially, the devie onsists of two parallel optial
waveguides whih are oupled by an evanesent overlap of the guided modes. The quan-
tum statistial properties of this devie when the nonlinearity is of the χ(3) type have been
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theoretially investigated, prediting energy transfer between the waveguides [7℄ and the gen-
eration of orrelated squeezing [8℄. Coupled χ(2) downonversion proesses in the travelling
wave onguration have also been examined theoretially, prediting that light produed in
one of the media an be ontrolled by light entering the other [9℄, and that suh a devie
an produe entanglement of the output beams [10℄. The oupler with χ(2) nonlinearity
held inside a pumped Fabry-Perot avity, and operating in the seond harmoni generation
(SHG) onguration, was introdued by Bahe et al. [11℄, who named it the quantum optial
dimer by analogy with various systems that display oupling between disrete sites. They
analysed intensity orrelations between the modes, prediting noise suppression in both the
sum and the dierene.
As the intraavity χ(2) downonversion proesses have long been appreiated as soures
of quantum states of the eletromagneti eld (See Martinelli et al. [12℄ for an overview),
we will ombine and extend these previous analyses to onsider two oupled downonverters
operating inside a Fabry-Perot avity. The advantage of this proposal is the all-integrated
nature of the devie, whih promises greatly inreased robustness. Additional potential ad-
vantages are the redutions in threshold pump power and phase noise, relative to urrent
pratise. Another potential advantage as ompared to the normal type II polarisation nonde-
generate OPO lies in the diulty of stabilising this devie at frequeny degeneray [13, 14℄.
Our proposal should be well stabilised by the linear oupling, without having to add any
additional features.
II. THE SYSTEM AND EQUATIONS OF MOTION
The physial devie we wish to examine diers from that desribed in Ref. [11℄ in one
important detail. We will analyse it in the downonversion regime, where the avity pumping
is at a frequeny 2ωL ≃ ωb. As this devie has been desribed in detail in Ref. [11℄, we will
give a briefer desription of the essential features here. The system of interest onsists
of two oupled nonlinear χ(2) waveguides inside a driven optial avity, whih may utilise
integrated Bragg reetion for ompatness. Eah waveguide supports two resonant modes at
frequenies ωa, ωb, where 2ωa ≃ ωb. The higher frequeny modes at ωb are driven oherently
with an external laser, while the nonlinear interation within the waveguides produes pairs
of downonverted photons with frequeny ωa . We assume that only the avity modes at
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these two frequenies are important and that there is perfet phase mathing inside the
media. The two waveguides are evanesently oupled as in Ref. [11℄. Besides the dierenes
in the pumping frequeny, we will be interested in the phase-dependent orrelations neessary
to demonstrate entanglement and the EPR paradox, rather than the intensity orrelations
of Ref. [11℄.
The eetive Hamiltonian for the system an be written as
Heff = Hint +Hcouple +Hpump +Hres, (1)
where the nonlinear interation with the χ(2) media is desribed by
Hint = i~κ
2
[
aˆ† 21 bˆ1 − aˆ21bˆ†1 + aˆ† 22 bˆ2 − aˆ22bˆ†2
]
. (2)
Here κ denotes the eetive nonlinearity of the waveguides (we assume that the two are
equal), and aˆk, bˆk are the bosoni annihilation operators for quanta at the frequenies
ωa, ωb within the rystal k (= 1, 2). The oupling by evanesent waves is desribed by
Hcouple = ~Ja
[
aˆ1aˆ
†
2 + aˆ
†
1aˆ2
]
+ ~Jb
[
bˆ1bˆ
†
2 + bˆ
†
1bˆ2
]
, (3)
where the Jk are the oupling parameters at the two frequenies, as desribed in Ref. [11℄.
We note that in that work it is stated that the lower frequeny oupling, Ja, is generally
stronger than the higher frequeny oupling, Jb, and also that values of Ja as high as 50
times the lower frequeny avity loss rate were alulated to be physially reasonable. The
avity pumping is desribed by
Hpump = i~
[
ǫ1bˆ
†
1 − ǫ∗1bˆ1 + ǫ2bˆ†2 − ǫ∗2bˆ2
]
, (4)
where the ǫk represent pump elds whih we will desribe lassially. Finally, the avity
damping is desribed by
Hres = ~
2∑
k=1
(
Γkaaˆ
†
k + Γ
k
b bˆ
†
k
)
+ h.c., (5)
where the Γk represent bath operators at the two frequenies and we have made the usual
zero temperature approximation for the reservoirs.
With the standard methods [15℄, and using the operator/-number orrespondenes (aˆj ↔
αj , bˆj ↔ βj), the Hamiltonian an be mapped onto a Fokker-Plank equation for the Glauber-
Sudarshan P-distribution [16, 17℄. However, as the diusion matrix of this Fokker-Plank
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equation is not positive-denite, it annot be mapped onto a set of stohasti dierential
equations. Hene we will use the positive-P representation [18℄ whih, by doubling the
dimensionality of the phase-spae, allows a Fokker-Plank equation with a positive-denite
diusion matrix to be found and thus a mapping onto stohasti dierential equations.
Making the orrespondene between the set of operators (aˆj , aˆ
†
j, bˆj , bˆ
†
j) (j = 1, 2) and the set
of -number variables (αj , α
+
j , βj, β
+
j ), we nd the following set of equations,
dα1
dt
= −(γa + i∆a)α1 + κα+1 β1 + iJaα2 +
√
κβ1 η1(t),
dα+1
dt
= −(γa − i∆a)α+1 + κα1β+1 − iJaα+2 +
√
κβ+1 η2(t),
dα2
dt
= −(γa + i∆a)α2 + κα+2 β2 + iJaα1 +
√
κβ2 η3(t),
dα+2
dt
= −(γa − i∆a)α+2 + κα2β+2 − iJaα+1 +
√
κβ+2 η4(t),
dβ1
dt
= ǫ1 − (γb + i∆b)β1 − κ
2
α21 + iJbβ2,
dβ+1
dt
= ǫ∗1 − (γb − i∆b)β+1 −
κ
2
α+ 21 − iJbβ+2 ,
dβ2
dt
= ǫ2 − (γb + i∆b)β2 − κ
2
α22 + iJbβ1,
dβ+2
dt
= ǫ∗2 − (γb − i∆b)β+2 −
κ
2
α+ 22 − iJbβ+1 , (6)
where the γk represent avity damping. We have also added avity detunings ∆a,b from the
two resonanes, so that for a pump laser at angular frequeny 2ωL, one has ∆a = ωa−ωLand
∆b = ωb−2ωL. Below, in setion V, we will investigate detuning eets in greater detail. The
real Gaussian noise terms have the orrelations ηj(t) = 0 and ηj(t)ηk(t′) = δjkδ(t− t′). Note
that, due to the independene of the noise soures, αk (βk) and α
+
k (β
+
k ) are not omplex
onjugate pairs, exept in the mean over a large number of stohasti integrations of the
above equations. However, these equations do allow us to alulate the expetation values
of any desired time-normally ordered operator moments, exatly as required to alulate
spetral orrelations.
III. LINEARISED ANALYSIS
In an operating regions where it is valid, a linearised utuation analysis provides a simple
way of alulating both intraavity and output spetra of the system [19, 20℄, by treating it as
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an Ornstein-Uhlenbek proess [21℄. To perform this analysis we rst divide the variables of
Eq. 6 into a steady-state mean value and a utuation part, e.g. α1 → αss1 +δα1 and so on for
the other variables. We nd the steady state solutions by solving the equations (6) without
the noise terms (note that in this setion we will treat all elds as being at resonane), and
write the equations for the utuation vetor δx˜ = [δα1, δα
+
1 , δα2, δα
+
2 , δβ1, δβ
+
1 , δβ2, δβ
+
2 ]
T
,
to rst order in these utuations, as
d δx˜ = −Aδx˜ dt+BdW, (7)
where the drift matrix is
A =

 Aaa −A∗ba
Aba Abb

 , (8)
with
Aaa =


γa −κβss1 −iJa 0
−κβss∗1 γa 0 iJa
−iJa 0 γa −κβss2
0 iJa −κβss∗2 γa

 ,
Aba =


καss1 0 0 0
0 καss∗1 0 0
0 0 καss2 0
0 0 0 καss∗2

 ,
Abb =


γb 0 −iJb 0
0 γb 0 iJb
−iJb 0 γb 0
0 iJb 0 γb

 . (9)
In this equation, dW is a vetor of real Wiener inrements, and the matrix B is zero exept
for the rst four diagonal elements, whih are respetively
√
κβss1 ,
√
κβss∗1 ,
√
κβss2 ,
√
κβss∗2 .
The essential onditions for this expansion to be valid are that moments of the utuations
be smaller than the equivalent moments of the mean values, and that the utuations stay
small. In the ase of the single optial parametri osillator (OPO), it is well known that
there is a ritial operating point around whih this ondition does not hold. This point is
easily found by examination of the eigenvalues of the equivalent utuation drift matrix for
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that system, and this proedure is also valid in the present ase. The utuations will not
tend to grow as long as none of the eigenvalues of the matrix A develop a negative real part.
At the point at whih this happens the linearised utuation analysis is no longer valid, as
the utuations an then grow exponentially and the neessary onditions for linearisation
are no longer fullled. In this work we will only be interested in a region where linearisation
is valid.
To examine the stability of the system, we rst need to nd the steady state solutions for
the amplitudes, by solving for the steady state of Eq. 6 with the noise terms dropped. As in
the usual optial parametri osillator, there is an osillation threshold below whih αssj = 0
and only the high frequeny mode is populated. In the present ase, for a real pump, we
nd βssj = ǫ/(γb − iJb). Inserting these solutions in the matrix A allows us to nd simple
expressions for the eigenvalues,
λ1,2 = γb + iJb,
λ3,4 = γb − iJb,
λ5,6 = γa +
√
[κ2ǫ2/γ˜2b − J2a ],
λ7,8 = γa −
√
[κ2ǫ2/γ˜2b − J2a ]. (10)
Here we have introdued auxiliary variables, γ˜a,b =
√
γ2a,b + J
2
a,b. We immediately see that
λ7,8 an develop negative real parts for a pump amplitude greater than the ritial value,
ǫc = γ˜aγ˜b/κ. As it must, this expression redues to the single OPO expression of γaγb/κ when
the ouplings are set to zero. In that ase, there is then a stable above threshold solution
in whih the high frequeny mode inside the avity remains onstant, independently of any
further inrease in the pumping, and the low frequeny mode beomes oupied.
In the present ase, it is not simple to nd general expressions for these above threshold
solutions analytially, but as we will onentrate our attention on the rih variety of below
threshold behaviour whih is exhibited, this is not important here. We note here that, unlike
the single OPO ase with a resonant avity, the threshold pumping is not a onstant for xed
avity loss rates, but is a funtion of the oupling strengths between the two waveguides.
Using the below threshold solutions, we may alulate any desired time normally-ordered
spetral orrelations inside the avity using the simple formula
S(ω) = (A+ iω1 )−1BBT
(
AT − iω1 )−1 , (11)
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after whih we use the standard input-output relations [20℄ to relate these to quantities
whih may be measured outside the avity.
IV. QUANTUM CORRELATIONS
A. Single mode squeezing
The rst quantities we wish to alulate are the single mode quadrature squeezing spetra,
to ompare these with the well-known results for the normal unoupled OPO. Dening the
quadrature amplitudes as
Xˆθj = aˆje
−iθ + aˆ†je
iθ, (12)
(where j = 1, 2), we will use the notation
Xˆ0j = Xˆj ,
Xˆ
pi
2
j = Yˆj. (13)
We note here that the quadrature denitions do not need to speify whether it is mode a
or b whih is involved, as we do not nd any interesting behaviour in the high frequeny
modes below threshold and hene will only present results for the low frequeny modes.
With this normalisation the oherent state value for the quadrature varianes is one. To
simplify our results we will assume that the pumping terms for eah rystal are real and
equal (ǫ1 = ǫ2 = ǫ).
The expressions for the below threshold low frequeny quadrature varianes in the single
OPO ase are well known [22℄, being
SoutX (ω) = 1 +
4γaγbκǫ
(γaγb − κǫ)2 + γ2bω2
,
SoutY (ω) = 1−
4γaγbκǫ
(γaγb + κǫ)2 + γ2bω
2
, (14)
and prediting zero-frequeny squeezing whih beomes perfet in the Y quadrature as the
pump approahes the ritial threshold value, ǫ = γaγb/κ, although the linearised analysis
breaks down near this point. Note that the varianes inside and outside the avity are
related by SoutX = 1+2γaV (Xˆ). Our oupled system would be expeted to exhibit the above
values in the limit as Ja,b → 0, whih provides a standard for omparison with the analytial
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results. In the general ase, we nd that Sout
Xθ
1
= Sout
Xθ
2
, as expeted. We also nd that the
oupling means that the intraavity high frequeny eld is no longer real, but has a phase
given by Θb = tan
−1(Jb/γb).
This will mean that the optimum orrelations will no longer generally be found in the Xj
and Yj quadratures, but at some other phase angle, as found previously for seond harmoni
generation in detuned avities [23℄. Experimentally, this does not present a problem as the
loal osillator phase is normally swept aross all angles, whih must therefore inlude the
optimum angle. We an nd analytial solutions for the angle of maximum single-mode
squeezing (and antisqueezing), for example, these diering by π/2 and being found as
θopt = tan
−1


2V (Xˆ, Yˆ )
V (Yˆ )− V (Xˆ)±
√[
V (Yˆ )− V (Xˆ)
]2
+ 4
[
V (Xˆ, Yˆ )
]2

 , (15)
where V (A,B) = 〈AB〉 − 〈A〉〈B〉. However, as this expression is a ompliated funtion of
several variables when written out in full, and will not neessarily give the optimum hoies
at all frequenies, nor when we onsider orrelations between the modes, we will present
results where the loal osillator angle has been optimised numerially.
The Xˆ and Yˆ spetral varianes outside the avity are found as
SoutX1,2(ω) = 1 +
4γaκǫ
{
γb
[
γ˜b
2(ω2 − J2a ) + J2b γ2a + (γaγb + κǫ)2
]
+ 2γaJ
2
b κǫ
}
4γ2aγ˜b
4ω2 +
[
γ˜b
2(γ˜a
2 − ω2)− κ2ǫ2]2 ,
SoutY1,2(ω) = 1−
4γaκǫ
{
γb
[
γ˜b
2(ω2 − J2a ) + J2b γ2a + (γaγb − κǫ)2
]
+ 2γaJ
2
b κǫ
}
4γ2aγ˜b
4ω2 +
[
γ˜b
2(γ˜a
2 − ω2)− κ2ǫ2]2 , (16)
whih, as expeted, redue to the single OPO expressions above (14) when the oupling
terms are set to zero. The output ovariane is
V (Xˆj , Yˆj) =
4γaJbκǫ [γ˜
2
b (γ
2
a − J2a + ω2) + κ2ǫ2]
4γ2aγ˜b
4ω2 +
[
γ˜b
2(γ˜a
2 − ω2)− κ2ǫ2]2 , (17)
whih will give θopt = 0, π/2 for the unoupled ase, where Yˆ is the squeezed quadrature
and Xˆ the antisqueezed quadrature.
In Fig. 1 we show the single-mode output spetral quadrature varianes for the quadrature
of best squeezing as the low-frequeny mode oupling strength is varied, beginning with
Ja = Jb = γa = γb = γ. We note here that the pump values used in all the displayed results,
ǫj = 0.5ǫc, depend on the ouplings as stated above and are therefore dierent for dierent
9
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Figure 1: Sout
Xθ
(ω) for γ = 1, Jb = 1 and dierent Ja, all at the θ of maximum squeezing. The
solid line is for Ja = 1 and θ = 113
o
, the dash-dotted line is Ja = 2, the dotted line is Ja = 5 and
the dashed line is Ja = 10, all for θ = 22
o
. The pump amplitude is ǫ = 0.5ǫc in eah ase and all
quantities plotted in this and subsequent graphis are dimensionless. Note that all plotted spetra
are symmetri about zero frequeny and all results shown use the value κ = 0.01 and γa = γb = γ.
ombinations of the ouplings, but are all the same fration of the threshold value. We nd
less single-mode squeezing than in the unoupled ase for the same ratio ǫ/ǫc, and also nd
that hanging Jb mainly serves to hange the angle of maximum squeezing. Changing Ja
hanges the frequeny at whih the maximum of squeezing is found. We see that this devie
is not as eient at produing squeezed single-mode outputs as the normal OPO, but as
we are interested in the quantum orrelations between the two output modes, we will now
examine these.
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B. Entanglement and the EPR paradox
An entanglement riterion for optial quadratures has been outlined by Dehoum et
al. [24℄, following from riteria developed by Duan et al. [25℄ whih are based on the insepa-
rability of the system density matrix. A theoretial method to demonstrate the EPR paradox
using quadrature amplitudes was developed by Reid [3℄, using the mathematial similari-
ties of the quadrature operators to the original position and momentum operators. We will
briey outline these riteria here and then apply them to our system, using the quadrature
operators Xˆj and Yˆj. Note that even though these quadratures have the same mathematial
properties as the anonial position and momentum operators for the harmoni osillator,
they orrespond physially to the real and imaginary parts of the eletromagneti eld, not
its position and momentum.
To demonstrate entanglement between the modes, we dene the ombined quadratures
Xˆ± = Xˆ1 ± Xˆ2 and Yˆ± = Yˆ1 ± Yˆ2 and alulate the varianes in these, whih we may do
analytially. Optimising the result for arbitrary phase angles is better performed numerially.
Following the treatment of Ref. [24℄, entanglement is guaranteed provided that
SoutX± + S
out
Y∓
< 4. (18)
We note here that the ombined variane dened in this way has an obvious relationship
with the well-known two-mode squeezed states whih are produed, for example, by the
nondegenerate OPO [26, 27℄, but that the quadratures between whih we nd entanglement
here are not the same as those whih are entangled in that ase, where these are Xˆ− and Yˆ+.
In the present ase, onsidering only the phase angles θ = 0 and π/2, we nd entanglement
with Xˆ+ and Yˆ−. The two individual varianes an be written as
SoutX± = S
out
X1
+ SoutX2 ± 2V (Xˆ1, Xˆ2),
SoutX± = S
out
X1
+ SoutX2 ± 2V (Yˆ1, Yˆ2). (19)
The individual quadrature varianes are given above (16), while for the ovarianes we nd:
V (Xˆ1, Xˆ2) =
−8JaJbγ2aγ˜2bκǫ
4γ2aγ˜
4
bω
2 +
[
γ˜2b (γ˜a
2 − ω2)− κ2ǫ2]2 , (20)
and V (Yˆ1, Yˆ2) = −V (Xˆ1, Xˆ2), showing that the Xˆ quadratures are antiorrelated and the Yˆ
quadratures are orrelated. Although these results allow us to write analytial expressions
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for the ombined varianes, these are rather bulky and not very enlightening, so we will not
reprodue them here.
To optimise the degree of entanglement as a funtion of the quadrature phase angle, we
investigate the output spetral orrelation
Soutθ (Xˆ−) + S
out
θ (Yˆ+), (21)
where the Xˆ quadratures are at the angle θ and the Yˆ quadratures at the angle θ + π/2.
What we nd, as shown in Fig. 2, is that the degree of entanglement and the frequeny at
whih it exists depend on the oupling strength Ja while the optimum angle depends on Jb.
When we hold Ja onstant and inrease Jb, we nd that the maximum of entanglement is
always found at zero frequeny, but that the optimum quadrature angle hanges.
To examine the utility of the system for the prodution of states whih exhibit the EPR
paradox, we follow the approah of Reid [3℄. We assume that a measurement of the Xˆ1
quadrature, for example, will allow us to infer, with some error, the value of the Xˆ2 quadra-
ture, and similarly for the Yˆj quadratures. This allows us to make linear estimates of the
quadrature varianes, whih are then minimised to give the inferred output varianes,
Sout
inf
(Xˆ1) = S
out
X1
−
[
V (Xˆ1, Xˆ2)
]2
SoutX2
,
Sout
inf
(Yˆ1) = S
out
Y1
−
[
V (Yˆ1, Yˆ2)
]2
SoutY2
. (22)
The inferred varianes for the j = 2 quadratures are simply found by swapping the indies
1 and 2. As the Xˆj and Yˆj operators do not ommute, the produts of the varianes obey
a Heisenberg unertainty relation, with SoutXj S
out
Yj
≥ 1. Hene we nd a demonstration of the
EPR paradox whenever
Sout
inf
(Xˆj)S
out
inf
(Yˆj) ≤ 1. (23)
With the expressions for the varianes given in Eq. 16 and the ovarianes of Eq. 20, we have
all we need to alulate the EPR orrelations. One again, however, the full expressions are
somewhat unwieldy, so we will present the results graphially.
In Fig. 3 we present the results for optimised quadrature phase angles while Jb is held
onstant at a value of γ while Ja is inreased. Note that again the angle θ refers to the Xˆ
θ
quadratures, while the onjugate quadratures are at an angle of θ+π/2. Changing Jb serves
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Figure 2: Demonstration of entanglement, using Soutθ (Xˆ−)+S
out
θ (Yˆ+), for γ = 1, Jb = 1, and Ja = 1
(solid line), 2 (dash-dotted line), 5 (dotted line) and 10 (dashed line). The quadrature angle for Xˆ
is 67o and that for Yˆ is 157o. The pump amplitude is ǫ = 0.5ǫc.
to hange the angle of the maximum violation, without hanging the degree of violation,
while hanging Ja hanges both the degree and the frequeny of the maximum violation. As
expeted, these results are the same for both outputs of the devie.
V. DETUNING THE CAVITY
Often in optial systems the best performane is found when the avity is resonant for the
dierent modes involved in the interations. In the present ase we nd that detuning the
avity by the appropriate amount from the two frequenies allows for some simpliation
of the theoretial analysis and an atually improve some quantum orrelations. With
detunings inluded, the steady state below threshold solutions for the high frequeny mode
13
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Figure 3: Demonstration of the EPR orrelation for Jb = γ = 1 and Ja = 1 (solid line, θ = 67
o
), 2
(dash-dotted line, θ = 67o), 5 (dotted line, θ = 113o) and 10 (dashed line, θ = 113o). The pump
amplitude is ǫ = 0.5ǫc.
are found as
βss1 = β
ss
2 = βss =
ǫ
[γb − i(Jb −∆b)] , (24)
so that, setting ∆b = Jb, we return to the well-known real solutions for a single OPO. If we
then set ∆a = Ja, dene the new variables Ap = α1 + α2 and Am = α1 − α2, and eliminate
the time dependene of βa,b, we an write positive-P stohasti equations as
dAp
dt
= −γaAp + κβssA+p +
√
κβss (η1 + η3) ,
dA+p
dt
= −γaA+p + κβssAp +
√
κβss (η2 + η4) ,
dAm
dt
= − [γa + 2iJa]Am + κβssA+m +
√
κβss (η1 − η3) ,
dA+m
dt
= − [γa − 2iJa]A+m + κβssAm +
√
κβss (η2 − η4) . (25)
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In the above, the noise terms are the same as those of Eq. 6. We note here that, although
it is the detuning in the low frequeny mode that allows us to write the equations for Ap
and A+p in a partiularly simple form, ∆b also plays a role in that it allows us to treat βss
as real, whih will make the interesting quantum orrelations in and between the X and Y
quadratures, so that we do not have to examine all possible loal osillator angles to nd
the best performane.
Following the same linearisation proedure as in setion III, we nd the orresponding
drift and noise matries,
Apm =


γa −κβss 0 0
−κβss γa 0 0
0 0 γa + 2iJa −κβss
0 0 −κβss γa − 2iJa

 , (26)
and
Bpm =


√
κβss 0
√
κβss 0
0
√
κβss 0
√
κβss√
κβss 0 −
√
κβss 0
0
√
κβss 0 −
√
κβss

 . (27)
In terms of the quadratures used in setion IV, we now dene
Xp = Ap + A
+
p = X1 +X2,
Xm = Am + A
+
m = X1 −X2,
Yp = −i
(
Ap − A+p
)
= Y1 + Y2,
Ym = −i
(
Am − A+m
)
= Y1 − Y2, (28)
and give expressions for the output spetral varianes of these new quadratures. For the Xp
and Yp quadratures these are partiularly simple,
SoutXp (ω) = 2 +
8γaγbκǫ
(γaγb − κǫ)2 + γ2bω2
,
SoutYp (ω) = 2−
8γaγbκǫ
(γaγb + κǫ)
2 + γ2bω
2
, (29)
and are readily seen to be the sum of the varianes for two unoupled OPOs, as given in
Eq. 14. As in that ase, the zero-frequeny variane in Yp is predited to vanish at the
15
ritial pump value of ǫc = γaγb/κ, although, as should be well known, a linearised analysis
is not valid in that region. However, the degree of squeezing is more than was found to
be available in the doubly resonant ase onsidered above. The other two varianes do not
unouple and have more ompliated expressions,
SoutXm(ω) = 2 +
8γaγbκǫ [(γaγb + κǫ)
2 − γ2b (4J2a − ω2)]
[γ2b (γ
2
a + 4J
2
a − ω2)− κ2ǫ2]2 + 4γ2aγ4bω2
,
SoutYm (ω) = 2−
8γaγbκǫ [(γaγb − κǫ)2 − γ2b (4J2a − ω2)]
[γ2b (γ
2
a + 4J
2
a − ω2)− κ2ǫ2]2 + 4γ2aγ4bω2
.
(30)
Graphial results for the ombined quadratures whih exhibit squeezing are shown in
Fig. 4, from whih it is obvious that by far the best squeezing quadrature is Yp, whih, for
these parameters, shows almost 90% squeezing at zero-frequeny. The quadratures Xm and
Ym show only a very small degree of squeezing far from zero frequeny. What this result
shows, along with the results for the resonant avity, is that the low frequeny modes want to
osillate at two distint frequenies, as is normal for oupled systems. The detuning hosen,
∆a = Ja, moves the sum mode frequeny loser to resonane while the other frequeny is
further detuned. Along with the hoie of ∆b so as to make the intraavity high frequeny
amplitude real, this results in maximised single-mode noise supression and entanglement
entred on zero frequeny.
Using these results, we an now investigate the degree of entanglement, as done above
for the resonant ase. As shown in Fig. 5, we nd that the quadratures Yp and Xm are
entangled, exatly as in the single OPO ase. As with the squeezing, the detunings have
moved the maximum of entanglement to zero frequeny. A sign of the out of resonane
mode attempting to resonate is seen in the small degree of entanglement apparent around
ω ≈ 20γ. We also see that the degree of entanglement is less than in the ase with zero
detuning, shown previously in Fig. 2, although it must be remembered that the absolute
pump powers are not the same, merely the ratios ǫ/ǫc. Finding analytial expressions for
EPR orrelations is not possible using this oupled-mode approah, as, although we an
alulate the neessary ovarianes, for example, V (Xˆ1, Xˆ2) = [V (Xp) − V (Xm))]/4, it is
not obvious how to separate out the single-mode varianes. However, these an still be
alulated numerially using the full single-mode equations with the appropriate detunings.
That the system learly demonstrates the EPR paradox is shown in Fig. 6, although again
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Figure 4: Output spetral varianes of the ombined modes for Jb = ∆b = γa = γb = γ = 1 and
Ja = ∆a = 10. The solid line is S
out
Yp
, the dash-dotted line is SoutXm , and the dotted line is S
out
Ym
. A
value of less than 2 represents squeezing. The pump amplitude is ǫ = 0.5ǫc.
the maximum inferred violation is less than in the resonant ase.
We note here that all the quantities shown for the detuned system are atually alulated
at a lower absolute pump power than in the resonant ase. For positive detunings, the
ritial pump amplitude is found as
ǫc =
√
[γ2a + (Ja −∆a)2][γ2b + (Jb −∆b)2]/κ , (31)
so that our hoie of detunings means this is no longer a funtion of the oupling strengths.
Therefore a areful hoie of detunings has two main advantages in that it xes the quadra-
tures for whih the maxima of quantum features are found, and means that the pumping
neessary to a good performane does not vary with the oupling strengths.
The hoie of detunings shown has the possible disadvantage that, as the eetive oupling
is now only in the Am mode, whih is moved away from resonane, the quantum orrelations
17
0 5 10 15 20 25
1.5
2
2.5
3
3.5
4
4.5
ω (units of γ)
S X
m
o
u
t +
S Y
p
o
u
t
Figure 5: The sum of the output spetral varianes, SoutXm + S
out
Yp
, for Jb = ∆b = γa = γb = γ = 1
and Ja = ∆a = 1 (solid line), 10 (dash-dotted line) and 20 (dashed line). A value of less than 4
represents entanglement. The pump amplitude is ǫ = 0.5ǫc.
whih depend on both the modes are slightly degraded. This is readily seen from the gures
beause those orrelations whih inludeXm and Ym hange more with Ja than do the others.
VI. CONCLUSION
This system exhibits a wide range of behaviour and is potentially an easily tunable soure
of single-mode squeezing, entangled states and states whih exhibit the EPR paradox. The
spatial separation of the output modes means that they do not have to be separated by
optial devies before measurements an be made, along with the unavoidable losses whih
would result from this proedure. The entangled beams produed an be degenerate in
both frequeny and polarisation, unlike those of the nondegenerate OPO, and would exit
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Figure 6: The produt of the inferred output spetral varianes, S
inf
X S
inf
Y , for Jb = ∆b = γa = γb =
γ = 1 and Ja = ∆a = 1 (solid line) and 10 (dash-dotted line). On this sale, the result for Ja = 20
is indistinguishable from that for Ja = 10. A value of less than 1 represents a demonstration of the
EPR paradox. The pump amplitude is ǫ = 0.5ǫc.
the avity at spatially separated loations. This may be a real operational advantage over
the nondegenerate OPO, whih is also known to produe nonlassial states. The tunability
that exists beause of the number of dierent parameters whih an be experimentally
aessed, suh as the oupling strength, the pump intensity and the detunings, may make
it interesting for a range of potential appliations whih would require the availability of
states of the eletromagneti eld with varying degrees of nonlassiality. Sine this type of
system is ompatible with integrated optis tehniques, it may provide a more robust soure
of entanglement than interferometers that use disrete optial omponents.
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